The Representation, Generalized Binet Formula and Sums of The
Generalized Jacobsthal p-Sequence
Correspondence to matrix theory has played an important and effective role. Quite apart from pursuing the discovery of the additional formulas by the matrix technics, the different matrices for obtaining new results can be introduced. Chen and Louck have investigated an nxn companion matrix and shown the combinatorial representation of the sequence generated by the nth power of the matrix [6] . Considering the matrix theory, Koken and Bozkurt have presented the Jacobsthal F-matrix and some results [7] . In the literature, there exist many other references on the subject which are not given here.
The object of this article is to give a new definition for the generalization of the usual Jacobsthal sequence. The generating matrix, the Binet formula, characteristic equations, generating functions, combinatorial representations and sums of the terms of the generalized Jacobsthal sequence are respectively studied.
Generalized Jacobsthal p-sequence

Generalization of Jacobsthal Sequence
First of all, the generalization of the usual Jacobsthal sequence is denoted by J p (n) and defined as follows: for p Z + and n > p+1, 
Obviously, when p=1, the generalized Jacobtshal p-sequence reduces to the usual Jacobtshal sequence. If the generalized Jacobthsal p-sequence is extended to backwards by using Eqs. (1)-(2), the following statements are obtained:
Depending the choice of the value of p, both the recurrence relation and the initial conditions of considered sequence change. Hence, it is difficult and troublesome to compute the terms of the generalized Jacobsthal psequence for all the values of p. To facilitate this process, the generating matrix of the generalized Jacobsthal p-sequences is now presented as in the form
Additionally, a new matrix is defined as follows: (5) where .
The matrix F n will be called the generalized Jacobsthal p-matrix later. It should be noted that, for p=1, the generalized Jacobsthal p-matrix reduces to the usual form given by Koken and Bozkurt [7] .
From Eq. (1), the following matrix can immediately be written .
Then, the following theorem can be given.
Theorem 1 For any n;p>0, .
Proof. To prove the theorem, the induction method on n is used. Taking n=1 and considering Eqs.
(1)- (3), F 1 =G p is obtained. It is thus to be true for n=1. Now suppose that Eq. (8) holds for any n-1, namely F n-1 = G p n-1 . From Eqs.
(1) and (7) and the assumption, G p n = G p G p n-1 = G p F n-1 = F n is found, which is the desired result.
Theorem 2 Let F n be defined as in (5). Then, .
(
Proof. Taking Theorem 1 into account, computing the determinant of the matrix G p by the Laplace expansion with respect to (p+1)th column and considering the matrix identities, the proof can easily be obtained.
The following corollary can be written from the fundamental matrix identities such that F n+m =F n F m or F n-m =F n F -m . It therefore is given without the proof.
Corollary 3
Let Jp(n) be the nth generalized Jacobsthal p-number. Then 
Actually, for p-1, Eq. (10) becomes the well-known following formula given by Koken and Bozkurt [7] :
.
Binet Formula and Generating Functions
In this section, the Binet formula and the generating functions of the generalized Jacobsthal p-sequence will be studied. To do this, the limit of the ratio of the adjacent generalized Jacobsthal p-sequence for the case where n is considered. First of all, the following definition is introduced:
, the following linear system of equations:
By the Cramer's rule, the desired result is obtained. 14) In addition, the following column vector is defined:
The transpose of the matrix is denoted by V, and V j (i) represents a (p+1 )x (p+1) matrix constructed by replacing the jth column of V by d i k . Then, the generalized Binet formula for the generalized Jacobtshal p -sequence can be given by the following theorem. .
It should be noted that Eq. (13) possesses the (p+1)th degree and (p+1) roots such as x 1 , x 2 ,...,x p+1 according to the famous "Fundamental Theorem of Algebra". Also, when p=1 Eq. (13) reduces to well-known form for the usual Jacobsthal sequence.
The Binet formula for the generalized Jacobsthal p-sequence will be investigated. But the following lemma is first recalled [3] .
Lemma 4 Let .
Then a p >a p+1 for any p>1.
Then, the following lemma can be written.
Lemma 5
The characteristic equation of the generalized Jacobsthal p -sequence x p+1 -x p -2=0 does not have multiple roots for p>1
Suppose that is a multiple root of f(x) = 0. Note that and Since is a multiple root,
Consequently, 
Combinatorial Representations
Now the combinatorial representations of the generalized Jacobsthal p-sequence are investigated. First of all, introduce the following companion matrix:
Also, recall that the following theorem which give the opportunity to derive the elements in the nth power of the matrix C [6] .
Theorem 9
Let the matrix C = (c ij ) kxk be as in (15). The element c ij (n) in the matrix C n is given by the formula , (
where the summation is over non-negative integers satisfying t 1 + 2t 2 + ... + kt k = n -i + j, and the coefficients are defined as 1 for n = i-j.
Thus the following lemma can immediately be obtained from the above theorem without the proof. ii.
where the summation is over non-negative integers satisfying m 1 +2m 2 + ... + (p+1)m p+1 = n -1.
Sum Formula
To find the sum of terms of the generalized Jacobsthal p-sequence, certain methods are now used. To do this, some generating matrices by extending the matrix G p will be used. Let S n be the sums of the generalized Jacobsthal p-sequence as follows:
Also, the following matrices are defined:
Lemma 10 Let the matrix G p n = [g ij (n) ] be as in (6) 
Thus, the following theorem can be given. Before the main result, the following useful lemma is presented.
Lemma 13
Let J p (n) be the nth term of the generalized Jacobsthal p-sequence. Then, for all the integers n,m ≥ 0, A new matrix is defined in the form ,
where i (i = 1, 2 , ..., p + 1) have been defined before.
Then the following theorem is given to compute the sums of the generalized Jacobsthal p-sequence by using matrix method. -1). It can be said from Lemma 5 that the eigenvalues of the matrix W are 1, ,…, p and different from each other. Therefore, TW=WD can be written, where D = diag (1, ,…, p Consequently, A n W=WD n . The element (2,1)th in the matrix A n = [a ij ] (p-2)x(p+2) is a 21 =S n , and by Lemma 13, the desired result is directly obtained.
